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Lecture outline

1 Scalar Newton: locate a zero using a tangent.
2 \Vector Newton: solve coupled correction equations.
3 Power flow: select P/Q equations and construct the Jacobian.

| Understand why the correction is needed and where every coefficient comes from.
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PART 1

General Newton—-Raphson method

Use a tangent to locate a zero. Then apply the same local linear model
to coupled equations.




Gradient descent on a quadratic

Consider the marked point:
p)=1(x—-172  x0=3

The slope is positive: ¢’'(3) = 2.

A small move left lowers ¢.

One gradient descent step:
X = xO g’ D), a>o0.

The positive step size a controls how far to move.
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Solving an equation means finding a zero

S(x) Rewrite A(x) = B(x) as

A

Current point
f(x)=A(x) - B(x) =0.

For x> = 1, define f(x) = x> — 1.

{(B; At x©@ = 1.5, the residual is
= £(1.5) = 1.25.

v A solution has zero height on this
- X

/'x* _ RO curve.
Target: zero height Positive-root region shown.
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Use one tangent to predict the zero

S (x)
A
F(xP=1.25
1. Locate the current point.
qe{\‘ 2. Draw the tangent using its local
< slope.
3. Take the tangent’s intercept as the
next guess xV.
X
@ x©

Next guess: tangent intercept

| The tangent proposes the next x. We still need to check the original curve.
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The correction

IS a horizontal distance

f(x)
A
Current point / Define the change in x:
Ax = xTD — O,
Ay " On the tangent, slope is signed rise
=0-f(x) . .
over signed run:
< ad . X 10 o(F) 0- f(x(r))
< g )= —"
/ /7 Ax A
KD NG

| In this drawing, both changes are negative and the slope is positive.
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The scalar Newton update

The tangent condition gives a linear equation for the correction:

FaD + £/ (x)Ax = 0.

__ 6" )
=-Sam  EN#0
Add the correction to the current guess:
xUHD = x4 Ax = x) — ) .
[1(x)
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Calculate the first correction

f(x)
A
)y _
STy =1.25 For f(x) = x2 — 1, f'(x) = 2x.
At x@ =15:
&
S ,
A f=125 f'=3.
AxO = _12 6416667,
QY RO * D =15+ Ax© ~ 1.083333.

Next guess: tangent intercept
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Check the original curve

fx)

A

F(x®)=1.25 The tangent reaches zero at x(!.

Evaluate the original function there:

FxMy =(1.083333...)2 = 1
F(xM) ~0.173611

~ 0.173611 # 0.

X The next tangent must touch the curve
at the new x.

1 0)

X( x(
Tangent value here: zero
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Repeat the tangent construction

©)
125 | S * Follow the tangent to its
intercept.

Return to the original curve at
(a that x.

Draw a new tangent there.

1.5

—_

x99 =15 -5 x=1.083333 - x® =1.003205 —» --
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Track the original residual

10° Test the original equation after
each update:
= 0|
% I/ < e.
—
107 For e = 1078, this example
passes after four corrections.
10712 1 1 1 1
0 1 2 3 4 Log scale; dots are discrete
Iteration r iterates.

This starting guess converges. Newton convergence is not guaranteed for every initial
guess.
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Two coupled nonlinear equations

Seek u, v satisfying both f,(u,v) =0 and f,(u,v) =0.

Extend the scalar tangent condition f + f'Ax = 0:

afi af

—A —Av =0,
f1+ 5 u—+ % v

df, 0f>

—=A —=Av=0.
o+ Ew u+ 0 v

Each equation includes both corrections.

| Evaluate all residuals and derivatives at the same current point.
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Stack the correction equations

The two scalar equations become one matrix system:

ofilou ofiov) [au] [/,
Ofol0u f,lov [Av] T fz]'

—_—

~ ~- ~ AX f
J (Jacobian)

Rows identify equations. Columns identify unknowns.

| The matrix collects the coefficients already present in the scalar equations.
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Newton—Raphson in vector form

For m equations in m unknowns, J;; = df;/0x;.

The local linear model is

f(x + Ax) ~ f(X) + J(X)AX.

Make its prediction zero, then update:

Jx)Ax = —f(x\)

XD = x + Ax|.
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Coupled example: Evaluate the current point

fl(u,v)=u2+1)2—5, fHrw,v)y=u—v—-1.

Start at (u©@, v ) = (1.5,0.5):

O —
1.5-05-1 0

1.5 + 0.5 — 5] 3 [—2.5]

J(”’”)z[zlu Eﬂ J(O)zﬁ _11]
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Coupled example: Solve and update

b2

The second row gives Au = Av. The first gives 4Au = 2.5.

Au = Av = 0.625.

< = [15] , [o625] _ [2.125
~ los] T [o.625) T [1.125]
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Coupled example: Check both equations

At the new point 'V, v(V) = (2.125,1.125):
f1 =2.1252 + 1.125% = 5 = 0.78125,

fr=2125-1.125-1=0.
The second equation remains satisfied.

The first still needs another correction.

| Rebuild the Jacobian at the new point and solve the coupled system again.
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The general Newton iteration

n Evaluate

Calculate the original residual f(x) at the current guess.

n Test

Accept when ||f||, = max; |f;| <e.

Solve

Build J at the same point; solve JAx = —f.

n Update

Add Ax and return to the original equations.

A singular Jacobian may prevent a unique step. Stop with failure at the iteration cap.

KANSAS STATE | MikeWiegers

UNIVERSITY o ECE 685 | Power Flow V



PART 2

Newton—-Raphson power flow

We already know how to solve a zero-residual system. Now construct
that system from the network’s real and reactive power balance.
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Apply the same Newton method

Part 1 gave us a method for any selected system f(x) = 0:

JxM)Aax = —f(x"),  xD =x" 4 Ax.
To apply it to a power network, identify three ingredients:

1 The unknown voltage angles and magnitudes: x.
2 The power balance equations, with all terms on one side: f.
3 The derivatives of those same residual equations: J.

Start with the physical equations. Their residuals become the input to the existing
Newton method.
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Voltage determines the network injections

Write V; = Uiejgi, Yy =G +]B;,and 0, =0, - 0,.

P(6,v) +j0;(0,v) =V, <Z Yika> :
k=1

Its real and reactive parts are two voltage-dependent functions:

n
PO.V) = v; ) 0,(Gy; COS Oy + By, SiNOy),
k=1
n
0,(0.v) = v; ) v(Gyy sin by, — By COS 0.
k=1

A trial voltage gives a trial network injection. It need not yet balance the generation and
load.
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Move the power balance to one side

At bus i, generation minus demand must equal the injection into the network:

Pgi — Pp; = P(6,V), Ogi — Qpi = Q;(6,V).
Define one residual for each equation:

fpi=Pi(O,V)+ Pp, — Pg; =0,

fQi :Qi(e’v)+QDi_QGi =0\

Here G denotes generation and D denotes demand; positive injection is into the
network.

For a load-only bus, f,;, = P, + P;,: the network injection must be negative to supply
positive demand.

Source: Glover et al., sixth edition, Secs. 6.4, 6.6; Zimmerman et al., IEEE Trans. Power Syst., 2011, Egs. (30)—(31).
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Select equations that match the unknowns

For a fixed bus classification, keep only equations whose net injections are given.

Bus Given Voltage Residuals in Newton
unknowns

PQ P —Pp, Qc—0p 0, fpi=0,fo; =0

PV PG_PD’ Ui 0,- fPl:()

Slack 0., v; None None

Let A be all non-slack buses and L be the PQ buses.

Unknowns: 6, (i € A), v; (i € L). Equations: fp; (i € A), fg; (i € L).

PV reactive generation and slack generation are outputs. Do not prescribe every P and
Q at every bus.
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The power flow problem is a zero-residual system

Insert the fixed voltage quantities and known injections into the bus equations. Stack
the remaining quantities in a fixed bus order:

x = [OA] L fo= [fP(X) | 00 P~ Fadea | g
v, fo0] (200 +0p, — Q61 .

For one slack bus, there are (n — 1) + npq equations and unknowns.

A three-bus example with bus 2 PV and bus 3 PQ has

0, Py(X) — 0.55
X = [93], f(x) = [P3(x) + 0.90} =0.
U3 0;(X) + 0.30

Example injections are in p.u.; the complete numerical iteration follows in the worked
example.
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Apply the local model to P and Q separately

At the current state, ask each linearized residual to reach zero:

OFn: OFn
0=fPi+ZﬁA9k+Z%Auk, i € A,

k€A 00 keL ~ "k
9foi foi

0=foi+ D), ——A0 + ) ——Av,, i€L.
i 90k i1 9k

These are the same local correction equations used in Part 1.

All residuals and derivatives are evaluated at x. The equalities impose zero on the
linear model; the original nonlinear equations still need to be checked.

One voltage correction can affect several residuals. Solve the selected equations
together.
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Collect the scalar equations into two vector equations

Stack the P residuals and Q residuals separately:

fP + HAOA + NAVL = 0,

Each matrix collects one set of derivative coefficients:

of of of
“PON=Z2 mM=-2, L=-%
00, ovy 00, ovy

Rows identify residual equations; columns identify voltage unknowns. Stacking
changes the notation, not the local model.
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Stack them into the Newton matrix equation

Move the current residuals to the right-hand side:

AG, f P(x(’))
Av [av,, x(’))

J(x(’)) f(x(r))

For the selected equations, generation and constant-power demand are fixed during
this solve. Therefore, for any selected variable x,

ofpi _ORX)  9fgr _ 00,X)

axk axk ()xk axk

This is exactly JAx = —f. The familiar power derivatives are derivatives of our residual
equations.
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Add the correction and check the original equations

Solve the linear system, then update only the selected voltage unknowns:

9(r+l) 9(") + Ae (l I= A)’ U(,r+l) (r) + AU (l S L)

1

Evaluate the original nonlinear power balances at the new state:

[pix"D) = Px"*D) + P, — Pg,,
fQi(x(r+1)) =0,x"*"") + 0p, — Qg

Accept the equation solution when  [[fx"*D)|| <&

Otherwise, rebuild J at the new state and repeat. A zero linear-model residual does not
imply a zero nonlinear residual.
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What a Jacobian entry means

S With other state entries fixed, one local
slope predicts

_ 9w

mn — ’
0x,,

5 f ~ J 6.

A complete row combines all selected
» X,  changes:

schematic; other state entries fixed

Of = Z Jon 0%,
n

The slope can be positive or negative. 6 is a
small perturbation, not the Newton
correction.

| The derivatives depend on the present voltage state. Rebuild J after each correction.
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Jacobian blocks

Rows: fp at non-slack buses; f, at PQ

A6 Av, buses
H N
f Columns: non-slack angles and PQ
P ofp/00 ofplov, magnitudes.
M L
f H Nj | A6
ol e | o, [ =l s
L

A PV magnitude is fixed. Its Q is an
output checked against generator
capability.

The M block predicts changes in Q residuals due to angle corrections. Fixed slack
phasors and PV magnitudes have no correction columns.
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The power terms to differentiate

Write Y, = G, +]By, v; = |V;|, and 6, = 0, — 0,.. Define

1

1

Separate the self term, where 6,; = 0:
P, = Giiviz +v; Z VA
ki

2
Q; =-B;v; +v; Z 0k Cig-
ki

Here P, and Q, abbreviate P,(x"’) and Q,(x”). Their derivatives also differentiate the
residuals.
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Neighbor angle derivatives

For k # i, only the neighbor-k term depends on 6,. Since 00,,/06, = —1,

00, =Gy sin6;, — B, cos b, = Cy,
oC;;, ;
00, = -G, COS 0 — By sinb, = —Ay.
Therefore,
Hik = UiUkCik ‘, ‘Mlk = _UiUkAik "

The minus sign from the angle difference is essential. Keep the signed Y-bus entries
inside A and C.
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Neighbor magnitude derivatives

For k # i, the corresponding terms are v;v, A;; in P and v,v,C;; in Q.

Hold every angle and other magnitude fixed. A and C do not depend on v;:

oP, 00
Ny = 6_Uk =0 A b Ly = 6_Uk =0;Cy |
Angle derivative Magnitude derivative
Differentiates the trigonometric factor Differentiates the factor v, and retains v;.

and retains v,v,.

Use a magnitude column only if that magnitude is an unknown. A PV magnitude
remains fixed.
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Diagonal angle derivatives

Now 06,,/06; = +1 for every neighbor. The self terms have no angle dependence:
H =_U2Ukclk_ Q Blll’
k#i

= Z VA = P — G”Ul
k#i

These identities follow by removing the self terms from

0, = B”Ul +v; kaCik, P = G”Ul + v, kaAik.
ki ki

| Use P(x") and Q,(x"”) in these identities, even before the power balances are satisfied.
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Diagonal magnitude derivatives

The self term is quadratic in v;; each neighbor term is linear in v;.

P
N;; =2G;v; + Z ViAj = o +Gjv;,
ki i

0.
L =-2B;v; + Z 0 Cy = — — Byv;.
. U;
k#i !
The final forms divide the original calculated power equation by v; > 0 and account

for the extra self-term derivative.

Neighbor formulas cannot be reused for a diagonal entry. The bus magnitude appears
in both voltage factors of its self term.
Source: Glover et al., sixth edition (2017), Sec. 6.6, Table 6.5.
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The complete Newton power flow iteration
n Evaluate

Form the selected residuals f(x) from the original P and Q balances.

n Test

Accept the equation solution if ||f|, < e. Atthe iteration cap, report
nonconvergence.

Solve

Build J = of/ox at the same state. Solve JAx = —f.
n Update

Add the correction to the selected angles and magnitudes, then return to Step 1.

Preserve the fixed slack phasor and PV magnitudes. Use a linear-system solver; do not
explicitly form the matrix inverse.
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Recover the powers that were not specified

After the selected residuals converge, evaluate the remaining balances:

Pg = P(X)+ Pp, atthe slack bus s,

Qgi = 0,(X)+ QOp; atPV and slack buses.
Now check generator reactive limits and other operating requirements.

If a PV generator reaches a Q limit, fix its Q at the limit, release its voltage
magnitude, and rebuild the selected equations as a PQ bus.

The inner Newton solve uses fixed bus types. A converged equation solution still
needs the operating checks.

Source: Glover et al., sixth edition, Sec. 6.6; Zimmerman et al., IEEE Trans. Power Syst., 2011, Sec. Ill-A.
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Angle units in the Newton system

The derivatives used in Newton assume radians:

dsing dcoso .
= cosé, = —siné.
do do

If a degree variable d is used instead, 6 = (x/180)d, so

oP _ & JP

od 180 06"
We use radians in the state, Jacobian, and updates. Convert angles to degrees only
when reporting them.

For example, a correction of —0.2 rad is —11.4592°. Its numerical value cannot be
transferred between units unchanged.
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Summary

1 Power balance gives fp; = P/(X) + Pp; — P;; = 0 and the corresponding Q
equation.

2 Select non-slack angles and PQ magnitudes; stack the matching residuals into

f(x).

Differentiate those residuals to build J, then solve JAx = —f.

4 Update the voltages and check the original residuals; repeat until the tolerance
is met.

w

Power flow applies the same Newton method developed in Part 1. The worked example
will carry out each operation numerically.
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